Abstract. Consider a complete and cocomplete abelian category which has an injective cogenerator and satisfies the condition AB4 * -n, that is the n-th derived functor of the direct product functor vanishes. We show that the dual of its derived category satisfies Brown representability.
Introduction
Since the publication of Grothendieck's SGA's it became clear that derived categories is a very powerful tool in the study of various subjects beyond algebraic geometry. When one works with such categories, it becomes very important to construct adjoints. One formal tool used to do that is the celebrated Brown Representablity Theorem. This property is formulated in a general abstract setting, namely for a triangulated category with coproducts by Neeman in [14] . One of the main problem which remains open in Neeman's book was if the dual of a well-generated triangulated category satisfies Brown representability. In this note we show that, in some particular cases this question has a positive answer. Note that the derived categories of quasi-coherent sheaves over nice enough schemes fulfill our hypotheses, hence their duals must satisfy Brown representability.
This paper continues the work from [12] , [11] and [10] . First, in [12] it was observed that if a homotopy category of complexes K(A) over an additive category A satisfies Brown representability, then A must contain an object such that every other object is a direct summand of a direct product of copies of that object. For showing the converse of this statement the paper [11] uses the dual of a technique initiated in [10] for the direct Brown representability. One result in [11] says that a triangulated category T with products satisfies the dual of Brown representability, provided that there is a set of objects S, such that every object is S-cofiltered, that is it can be written as a homotopy limit of a chain of objects, with the property that the mapping cone of the connecting morphisms are direct factors of direct products of objects in S. Here we show that, under suitable hypotheses on an abelian category A, the full subcategory of homotopy category of A consisting from homotopically injective complexes is cofiltered by a set. Moreover under the same conditions on A, its derived category is equivalent to the category of homotopically injective complexes, allowing us to deduce Brown representability for D(A) o , by using the above mentioned result.
For details concerned abelian and Grothendieck categories our reference is [19] , for derived categories is [7] , and for the general theory of triangulated categories is [14] .
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The main results
We start by recalling some classical facts and notations concerning derived categories, which are necessary in order to formulate our main result. Let A be an abelian category. Then its derived category D(A) is constructed in three steps as follows: First we consider the category C(A) of complexes with entries in A, whose objects are diagrams of the form
over A where n ∈ Z and d n d n−1 = 0. As usual we call differentials the maps d n X = d n above; we remove the subscript whenever it is not necessary. Morphisms in C(A) are collections f • = (f n ) n∈Z of maps in A commuting with differentials. For a complex X • ∈ C(A) and an n ∈ Z, denote Z n (X • ) = ker d n and B n (X • ) = im d n−1 , and call them the n-th object of cocycles, respectively of boundaries of
, the n-th object of cohomology. A complex X • is called acyclic if H n (X • ) = 0 for all n ∈ Z. In the second step we construct the homotopy category of complexes over A as the quotient K(A)(X • , Y • ) = C(A)(X • , Y • )/ ∼ (having the same objects as C(A)), where ∼ is an equivalence relation called homotopy, defined as follows: Two maps of complexes
This category is triangulated in the sense of [14] . The suspension functor is denoted by [1] and is defined as follows: We shall see every object of A as a complex concentrated in degree zero, providing embeddings of A in any of the categories C(A), K(A) or D(A). Note also that if A has (co)products then C(A), K(A) have (co)products and the canonical functor C(A) → K(A) preserves them. If in addition these (co)products are exact then the full subcategory of acyclic complexes is closed to (co)products, therefore D(A) has also (co)products and the quotient functor K(A) → D(A) preserves them.
An injective resolution of X ∈ A is a complex E • wich is zero in negative degrees, together with an augmentation map
consisting of homotopically injective complexes. Dually are defined homotopically projective complexes and we write K p (A) for the full subcategory of K(A) consisting of such complexes. A homotpically injective resolution of a complex
Homotopically injective and projective complexes and resolutions were first defined by Spaltenstein in [18] , but here we follow the approach in [9] . If every complex in K(A) has homotopically injective (projective) resolution, then it is standard to see that this resolution leads to a left (right) adjoint of the inclusion functor
For example if R is a ring and A = Mod-R is the category of all (say right) modules over R, then
, where Proj-R and Inj-R are the full subcategories of Mod-R consisting of projective, respectively injective objects. Moreover we have equivalences of categories
In the more general case of a Grothendieck category A, it may have not enough projective, case in which the left-side equivalence above is problematic. But it must have enough injectives, and the rightside equivalence must hold as it may be seen from [1, Section 5] . Another proof is containd in [3, Section 3] .
Let A and B be two abelian categories. An additive functor F : A → B induces obviously a triangulated functor K(A) → K(B) which is denoted also by F . We need also to recall that the total right derived functor of a left exact functor F : A → B is the functor RF which is universal with the property that makes commutative the diagram:
Let T be a triangulated category with products, and denote by [1] its suspension functor. Recall that if
is an inverse tower (indexed over N) of objects in T , then its homotopy limit is defined (up to a non-canonical isomorphism) by the triangle
(see [14, dual of Definition 1.6.4]). If the triangulated category T = D(A) has products, then it is called left-complete, provided that X • ∼ = holim ← −− − X ≥−n , where X ≥−n is the truncated complex:
Note that always in this work we use the same truncation as above. An example of a non-left-complete derived category may be found in [16] . In counterpart, all derived categories listed in corollaries bellow are left-complete. Let T be a triangulated category and let A be an abelian category. We call (co)homological a (contravariant) functor F : T → A which sends triangles into long exact sequences. Denote by Ab the category of abelian groups. If T has coproducts (products) we say as in [15] that T (T o ) satisfies Brown representability, if every cohomological (homological) functor F : T → Ab which sends coproducts into products (respectively, preserves products) is representable.
In the sequel we shall formulate our main results: Before to start the proof of Theorem 1.1 we state some immediate consequences. Recall that an abelian category A with products is said to be AB4 * -n if the n-th derived functor of the direct product functor is zero, where n ∈ N is fixed. Clearly AB4 * -0 categories are the same as AB4 * categories, that is abelian categories with exact products. Let A be an abelian category with enough injectives. The injective dimension of an object X ∈ A is defined to be the smallest n ∈ N for wich X possess an injective resolution
or ∞ if such an injective resolution doesn't exist. Alternatively X has injective dimension n if n is the smallest non-negative integer for which Ext n (−, X) = 0. The global injective dimension of A is defined to be the supremum of all injective dimensions of its objects. Proof. We want to apply Corollary 1.2, so we have to show that A is AB4 * -n for some n ∈ N. But the derived functor of the product may be computed as follows: For arbitrary objects X i ∈ A, i ∈ I, take minimal injective resolutions
, therefore (n) = 0 for n bigger than the injective dimension of A. Proof. According to [5, Remark 3.3] , the category of quasi-coherent sheaves over a quasi-compact, separated scheme is AB4 * -n, for some n ∈ N. Remark 1.5. Products in module categories are exact, that is Mod-R is AB4 * for every ring R (with or without identity). But in this case the derived category is known to be compactly generated, hence both D(A) and D(A) o satisfy Brown representability. An example of a Grothendieck AB4 * category which has no nonzero projective, hence it is not equivalent to a module category, may be found in [17, Section 4] . Note also that in [5, Theorem 1.1] there are another examples of abelian categories A which are AB4 * -n, for some n ∈ N, that is categories for which D(A) o satisfies Brown representability, by Corollary 1.2 above. Remark 1.6. To the best of our knowledge an example of a triangulated category T such that only one of T or T o satisfies Brown representability is not known. A first idea in this sense was to consider homotopy categories of complexes of modules as was done in [11, Remark 11] . But according to [2] it seems that K(Mod-R) satisfies Brown representability if and only if K(Mod-R) o has the same property. Corollaries 1.2 and 1.3 may lead to another approach to this problem.
The proof
The first ingredient in the proof of the main theorem of this work is contained in [11] . Here we recall it shortly. Let T be a triangulated category with products, and let S ⊆ T be a set of objects. We denote Prod(S) the full subcategory of T consisting of all direct factors of products of objects in S. We define inductively Prod 0 (S) = Prod(S) and Prod n (S) is the full subcategory of T which consists of all objects Y lying in a triangle X → Y → Z → X [1] with X ∈ Prod 0 (S) and Y ∈ Prod n (S). Clearly the construction leads to an ascending chain Prod 0 (S) ⊆ Prod 1 (S) ⊆ · · · . We suppose that S is closed under suspensions and desuspensions, hence the same is true for Prod n (S), by [15, Remark 07] . The same [15, Remark 07] says, in addition,
is a triangle with X ∈ Prod n (S) and Prod m (S) then Z ∈ Prod n+m (S). An object X ∈ T will be called S-cofiltered if it may be written as a homotopy limit X ∼ = holim ← −− − X n of an inverse tower, with X 0 ∈ Prod 0 (S), and X n+1 lying in a triangle P n → X n+1 → X n → P n [1] , for some P n ∈ Prod 0 (S). Inductively we have X n ∈ Prod n (S), for all n ∈ N. The dual notion must be surely called filtered, and the terminology comes from the analogy with the filtered objects in an abelian category (see [4, Definition 3. 1.1]) . Using further the same analogy, we say that T (respectively T o ) is deconstructible if there is a set (and not a proper class) of objects S closed under suspensions and desuspensions such that every object X ∈ T is S-filtered (cofiltered). Note that we may define deconstructibility without closure under suspensions and desuspension, Indeed if every X ∈ T is S-(co)filtered, then it is also S-(co)filtered, where S is the closure of S under suspensions and desuspensions. The second ingredient of our proof is an adaptation of the argument in [9, Appendix] . Throughout this section fix a complete and cocomplete abelian category A. For fixing the setting, let say that we consider double complexes with entries in A, whose differentials go from down to up and from left to right. That is a double complex is a commutative diagram of the form:
We denote by X •,j and X i,• the columns, respectively the rows of X •,• . Let X • ∈ C(A) be a complex. Construct a CartanEilenberg injective resolution for X • (CE injective resolution for short) as follows:
n+1 (X • ) → 0 are short exact, the horseshoe lemma leads to injective resolutions:
Then the desired CE injective resolution is X • → E •,• (we identify the simple complex X • with a double complex concentrated in the 0-th column). We observe that H i (E •,j ) = H i,j for all i, j ∈ Z, j ≥ 0, and analogous relations hold for boundaries and cocycles. Therefore the truncation leads also to a CE-injective resolution X ≥−n → E ≥−n,• , for all n ∈ N. Notice also that the sequences 0 → B i,j → Z i,j → H i,j → 0 and 0 → Z i,j → E i,j → B i+1,j → 0 are split exact for all i, j ∈ Z, j ≥ 0. As usual we say that a complex X • is bounded bellow if X n = 0 for n << 0.
Next we define the cototalization of a double complex X •,• with X i,j ∈ A as being the simple complex denoted Cot(X) having as entries:
and whose differentials are induced using the universal property of the product by the maps
for all p, q ∈ Z with p + q = n + 1.
Proof. First we observe that the construction of a CE injective resolution implies that the obvious maps of double complexes E ≥−(n+1),• → E ≥n,• are split epimorphisms in each degree, for every n ∈ N. According to [13, Lemma 2 .17] they induce degree-wise split epimorphisms
Thus there is a degree-wise split short exact sequence in C(A)
which induces an triangle in K(A). On the other hand it is obviuos that lim
, by the above triangle (see also [6, Lemma 2.6] ). Since its definition implies immediately that K i (A) is closed with respect to homotopy limits, it remains to show that Cot(E ≥−n,• ) is homotopically injective for all n ∈ N. But this is obvious since Cot(E ≥−n,• ) is a bounded bellow complex having injective entries.
For every complex X • ∈ C(A) having a CE injective resolution X • → E •,• we have an obvious map X • → Cot(E •,• ). Sometimes it is happen that this map is a quasi-isomorphism, case in which Lemma 2.2 above tells us that it is a homotopically injective resolution. This is always the case for bounded bellow complexes, as we may see from:
Lemma 2.3. Let X • ∈ C(A) be a bounded bellow complex and let
Proof. Without losing the generality we may suppose that X j = 0 for all j < 0, so E i.j = 0 for i < 0 or j < 0. Consider the bicomplex
that is the bicomplex whose columns are X • followed by the columns of E •,• shifted by 1. Clearly the sequence of bicomplexes
• is a first quadrant bicomplex with acyclic rows. We claim its cototalization is acyclic, and the triangle above proves our lemma. Indeed in each degree the cotatalization sees only a finitely many rows from A •,• so we may suppose that it has only finitely many non-zero rows. If this is the case we may obtain Cot(A •,• ) in finitely many steps by forming triangles whose cones are the rows (see [13, Lemma 2.19] ).
Proposition 2.4. Suppose that the category A has an injective cogenerator. Suppose also that for any complex in X • ∈ C(A) the cototalization of any CE-injective resolution Proof. Since every complex X • has a CE injective resolution, it must have also a homotopically injective resolution, by the hypothesis. Thus the first three statements from the conclusion are standard (e. g. see [1, Section 5] ). We know therefore that there is an equivalence of categories K i (A) But this complex is the product of its subcomplexes concentrated in each degree; moreover these entries are injective, hence they are direct summands of a product of copies of Q, where Q is an injective cogenerator of A. Therefore every object in K i (A) is S-cofiltered, for S = {Q[n] | n ∈ Z}, and Lemma 2.1 applies.
Proof of Theorem 1.1. We want to apply Proposition 2.4, hence we have to show that, if D(A) is left-complete then the cototalization of a CE-injective resolution X • → E •,• provides a homotopically injective resolution for any complex X • ∈ C(A). This is true for the truncated complexes X ≥−n for all n ∈ N, by Lemma 2.3 above, since X ≥−n → E ≥−n,• is also a CE injective resolution. Therefore X ≥−n ∼ = Cot(E ≥−n,• ) in D(A). Taking homotopy limits and using the hypothesis and Lemma 2.2 we obtain:
and the proof is complete.
Remark 2.5. In [9] the technique used to show that, in module categories, the cototalization of a CE injective resolution provides a homotopically injective resolution uses the so called Mittag Leffler condition, which says that limits of inverse towers whose connecting maps are surjective are exact. Amnon Neeeman pointed out to the author that Mittag Leffler condition doesn't work in the more general case of Grothendieck categories, as it may be seen from [17, Corollary 1.6] . Consequently the argument of Keller in [9] may not be used without changes in the case of Grothendieck categories.
